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Abstract 

In this paper we study a utility maximization problem with random horizon and reduce 
it to the analysis of a specific BSDE, which we call BSDE with singular coefficients, 
when the support of the default time is assumed to be bounded. We prove existence and 
uniqueness of the solution for the equation under interest. Our results are illustrated by 
numerical simulations. 

Key words: quadratic BSDEs, enlargement of filtration, credit risk. 

AMS 2010 subject classification: Primary: 60H10, 91G40; Secondary: 91B16, 
91G60, 93E20, 60H20. 

1 Introduction 

In recent years, the notion of risk in financial modeling has received a growing interest. 

One of the most popular direction so far is given by model uncertainty where the param¬ 
eters of the stochastic processes driving the financial market are assumed to be unknown 
(usually referred as drift or volatility uncertainty). Another source of risk consists in 
an exogenous process which brings uncertainty on the market or on the economy. This 
kind of situation fits, for instance, in the credit risk theory. As an example, consider an 
investor who may not be allowed to trade on the market after the realization of some 
random event, at a random time r, which is thought to be unpredictable and external to 
the market. In that context r is seen as the time of a shock that affects the market or the 
agent. More precisely, assume that an agent initially aims at maximizing her expected 
utility on a given financial market during a period [0,T], where T > 0 is a fixed deter¬ 
ministic maturi ty. However, she may not have access to the market after the random 
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time T. In that context we think of r as a death time, either for the agent herself, or 
for the market (or a specific component of it) she is currently investing in. Though very 
little studied in the literature, our conviction is that such an assumption can be quite 
relevant in practice. Indeed, for instance many life-insurance type markets consists of 
products with very long maturities (up to 95 years for universal life policies and to 120 
years for whole life maturity). It is therefore reasonable to consider that during such a 
period of time an agent in age of investing money in the market will die with probability 
1. Another example is given by markets whose maximal lifetime is finite and known at 
the beginning of the investment period, like for instance carbon emission markets in the 
United States. 

Mathematically, while her original problem writes down as 

supE[C/(X?)], (1.1) 

ttbA 

with A the set of admissible strategies tt for the agent with associated wealth process X'^ 
and where [/ is a utility function which models her preferences, due to the risk associated 
with the presence of r, her optimization program actually has to be formulated as 

supE[C/(X?,J], (1.2) 

7r€.A 

which falls into the class of a priori more complicated stochastic control problems with 
random horizon. 

The main approach to tackle (EH) consists in rewriting it as a utility maximization 
problem with deterministic horizon of the form (HU, but with an additional consumption 
component using the following decomposition from m that we recall: 

supE[C/(XJ,,)] =supE r U{X^)dFu + U{X^){l-FT) , 

-ireA TreA Jo 

with Ft := P(t sg t\ Ft) and F := (~Ut)te[o,T] being the underlying filtration on the market. 
This direction was first followed in m when T is a F-stopping time, then in [5] and in 
[7] if T is a general random time. In all these papers, the convex duality theory (see e.g. 
[3 and [21]) is exploited to prove the existence of an optimal strategy. However, this 
approach does not provide a characterization of either the optimal strategy or of the value 
function (note that in |S| a dynamic programming equation can be derived if one assumes 
that F is deterministic and [/ is a Constant Relative Risk Aversion (CRRA) utility 
function). Another route is to adapt to the random horizon setting the, by now well- 
known, methodology in which one reduces the analysis of a stochastic control problem 
with fixed deterministic horizon to the one of a Backward Stochastic Differential Equation 
(BSDE) as in [161 |2S| ■ This program has been successfully carried out in [53] in which 
Problem (11.21) has been proved to be equivalent to solving a BSDE with random horizon 
of the form 

pTAT aTaT aTaT 

yt = 0- Z,-dWs-\ UsdH,-\ /(s,n,Z„t/,)ds, te [0,T], (1.3) 

in the context of mean-variance hedging, with FIs ■= Ir^s and W a standard Brownian 
motion. The interesting feature here lies in the fact that under some assumptions on 
the market, the solution triplet (T, Z, U) to the previous BSDE is completely described 
in terms of the one of a BSDE with deterministic finite horizon. More precisely, if we 
assume that F is the natural filtration of W and if r is a random time which is not a 
F-stopping time, then the BSDE with deterministic horizon associated with BSDE dn 
is of the form 


y; = o- 


Z^s • dWs - f\s, r/, Z^Jds, t G [0, T], (1.4) 
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with related to r through a predictable process A (see Section 12.21 for a precise state¬ 
ment on this relationship). The usual hypothesis, for instance in credit risk modeling, is 
to assume A to be bounded (as in [23]). This assumption, which looks pretty harmless, 
leads in fact to several consequences both on the modeling of the problem and on the 
analysis required to solve Equation JOj). Indeed, A is bounded implies that the supporlQ 
of T is unbounded. As a consequence, the probability of the event {r > T} is positive. 
Hence it does not take into account the situation where r is smaller than T with prob¬ 
ability one. Note that from the very definition of (II. 2|) . assuming r to have a bounded 
or an unbounded support leads to two different economic problems: if the support is 
unbounded, with positive probability the agent will be able to invest on the market up 
to time T, whereas if r is known to be smaller than T with probability one, the agent 
knows she will not have access to the market on the whole time interval [0,T]. 

The main goal of this paper is to solve (11.21) when the support of r is assumed to be 
a bounded interval in [0,r]. As explained in the previous paragraph, this assumption 
leads to the unboundedness of A. More precisely, it generates a singularity in Equation 
dOj) (or in (11.41) 1 as A is integrable on any interval [0, t] with t<T, and is not integrable 
on [0, T]. This drives one to study a new class of BSDEs, named as BSDEs with singular 
driver according to [TB|, which requires a specific analysis. We stress that the study of 
the BSDE of interest of the form dn with to be specified later is not contained 
in m, and hence calls for new developments presented in this paper. Incidentally, we 
propose a unified theory which covers both cases of bounded and unbounded support for 
r (see Conditions (H2), (H2’) for a precise statement). 

The rest of this paper is organized as follows. In the next section we provide some 
preliminaries and notations and make precise the maximization problem under interest. 
Then in Section [31 we extend the results of [131 HI] allowing to reduce the maximization 
problem with exponential utility to the study of a Brownian BSDE. The analysis of this 
equation is done in Section |31 To illustrate our findings, and to compare problems of the 
form dm and (O, we collect in Section |S] numerical simulations together with some 
discussion. 

Notations: Let N* := N\{0} and let R+ be the set of real positive numbers. Throughout 
this paper, for every p-dimensional vector b with p G N*, we denote by b^,...,bP its 
coordinates and for a, f3 eMP we denote by a • /? the usual inner product, with associated 
norm H-H, which we simplify to | • | when p is equal to 1. For any {l,c) G N* x N*, 
AIi,c(R) will denote the space of / x c matrices with real entries. When I = c, we let 
Ali(M) := AIi,i(M). For any M G A4i,c(lR)j will denote the usual transpose of M. 
For any x G diag(a:) G AIp(R) will stand for the matrix whose diagonal is x and for 
which off-diagonal terms are 0, and Ip will be the identity of A4p(M). In this pape r 
the integrals will stand for . For any d ^ 1 and for any Borel measurable subset 
I (z. B{I) will denote the Borel cr-algebra on I. Finally, we set for any p G N*, for 
any closed subset C of MI and for any a G Rp 

distc(a) := min{||a — 6||}, 
beC 


and 

nc(a) := {b G ||a - 6|| = distc(a)} ■ 

2 Preliminaries 

2.1 The utility maximization problem 

Set T a fixed deterministic positive maturity. Let W = (ITt)tg[o,T] a d-dimensional 
Brownian motion {d ^ 1) defined on a filtered probability space (D, Qt, F, P), where F : = 
(J^t)te[o,r] denotes the natural completed filtration of W, satisfying the usual conditions. 

^i.e. the smallest closed Borelian set A such that P[r G A] = 1 
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Qt is a given cr-field which strictly contains Ft and which will be specified later. Unless 
otherwise stated, all equalities between random variables on (U, Qt) are to be understood 
to hold P — a.s., and all equalities between processes are to be understood to hold 
P (X) (it — a.e. (and are as usual extended to hold for every t > 0, P — a.s. if the considered 
processes have trajectories which are, P — a.s., cadla^. The symbol E will alwa ys 
correspond to an expectation taken under P, unless specifically stated otherwise. 

We define a financial market with a riskless bond denoted by := (*S'°)te[o,T] whose 
dynamics are given as follows: 


qO — Q" 




te[0,r]. 


where r is a fixed deterministic non-negative real number. We enforce throughout the 
paper the condition 

r := 0, 

and emphasize that solving the utility maximization problem considered in this paper 
with a non-zero interest rate is a much more complicated problem. 

Moreover, we assume that the financial market contains a m-dimensional risky asset 
S ■■= (S't)te[o,T] (1 ^ TO < d) 

St = So + r diag(S's)crsdWs-(- f diag{Ss)bsds, tG[0,r]. 

Jo Jo 

In that setting, cr is a AIm,d(R)-valued, F-predictable bounded process such that is 
invertible, and uniformly ellipticl^, ¥^dt — a.e., and b a R™-valued bounded F-predictable 
process. 

We aim at studying the optimal investment problem of a small agent on the above- 
mentioned financial market with respect to a given utility function U (that is an increas¬ 
ing, strictly concave and real-valued function, defined either on R or on R+), but with a 
random time horizon modeled by a (^-measurable) random time r. More precisely the 
optimization problem writes down as: 


supE[C/(X?,,-0], 


( 2 . 1 ) 


where A is the set of admissible strategies which will be specified depending on the 
definition of U. The wealth process associated to a strategy tt is denoted X'^ (see (Id.dll 
below for a precise definition) and ^ is the liability which is assumed to be bounded, and 
whose measurability will be specified later. The important feature of the random time 
r is that it cannot be explained by the stock process only, in other words it brings some 
uncertainty in the model. This can be mathematically translated into the fact that r is 
assumed not to be an F-stopping time. 


2.2 Enlargement of filtration 

In a general case, r can be considered as a default time (see [3] for more details). We 
introduce the right-continuous default indicator process H by setting 

Ht = t ^ 0. 

We therefore use the standard approach of progressive enlargement of filtration by con¬ 
sidering G the smallest right continuous extension of F that turns r into a G-stopping 
time. More precisely G := {Qt)o^t^T is defined by 

Gt ■= Gt+e, 

e>0 


^As usual, we use the french acronym "cadlag" for trajectories which are right-continuous and admit left 
limits, P (g) dt-a.e. 

^i.e. there exists K,£ > 0, s.t. Kid ^ atoj ^ sKId, 
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for all t G [0,T], where Qs '■= -Fs v a{Hu ,u s [0, s]), for all 0 ^ s ^ T. 

The following two assumptions on the model we consider will always be, implicitly or 
explicitly, in force throughout the paper 

(HI) (Density hypothesis) For any t, there exists a map 7 (t, •) : M+ —> K+, such that 
(t, u) I—> 7 (t, u) is Ft ® 'B((0, co))-mesurable and such that 

^00 

P[t > = 'y{t,u)du, 0 6®+, 

Jd 

and 7 (t,u) = 7 ('U, u)lt;>„. 

Under (HI), we recall that the "Immersion hypothesis" is satished, that is, any F- 
martingale is a G-martingale. 

Remark 2.1. If instead of considering Assumption {HI), we had considered the following 
weaker assumption 

(HI’) For any t, there exists a map 7(t, •) : R"*" —> R”*", such that {t,u) '—> '){t,u) is 
Ft®B{{0,co))-mesurable and such that 

rOO 

P[t > 0|J+] = 'y{t,u)du, 0 6R+, 

Je 

then, the immersion hypothesis may not be satisfied and in general we can only say that 
the Brownian motion W is a G-semimartingale of the form dWt = dW^ + fitdt where 
W'^ is a G-Brownian motion and p,tdt = \u=t- Hence, it suffices to write the 

dynamics of S as 


St = So+ f diag(S's)crsdIUf + f diag{Ss){bs + asfJ.s)ds, t G [0,T]. 

Jo Jo 

The difficulty is that there is no general condition to ensure that pL is hounded. Nonethe¬ 
less, if, for instance, we were to assume that there are no arbitrage opportunities on the 
market and that we restricted our admissible strategies to the ones which are absolutely 
continuous, then we could prove that H/i^phs] < +oo, which may be enough in order 
to solve the problem. 

In both cases, the process H admits an absolutely continuous compensator, i.e., there 
exists a non-negative G-predictable process A'^, called the G-intensity, such that the 
compensated process M defined by 



is a G-martingale. 

The process vanishes after r, and we can write Af = Aflt^i-, where 

‘ F{T>t\Ft)^ 

is an F-predictable process, which is called the F-intensity of the process H. Under the 
density hypothesis, r is not an F-stopping time, and in fact, r avoids F-stopping times 
and is a totally inaccessible G-stopping time, see Corollary 2.2], From now on, we 
use a simplified notation and write A := A®^ and set 

At := r XgdSjt G [0,T]. 

Jo 

Let T(F) (resp. T(G)) be the set of F-stopping times (resp. G-stopping times) less or 
equal to T. 
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In this paper we will work with two different assumptions. The first one corresponds to 
the case where the support of r is unbounded, and the second one refers to the situation 
where this support is of the form [0, S'] with S sg T. In the latter, without loss of 
generality, we will assume for the sake of simplicity, that S = T. More precisely, we will 
assume that one of the two following conditions is satisfied 


(H2) 

(H2’) 


esssup E 
peT{G) 


esssup E 
peT{G) 


^ f'^ 


Xsds 

Qp 

Jp 



Sp 



< + 00 . 


< +00 and for alH < T and E [A^] = +oo. 


Under the filtration F, we deduce from the tower property for conditional expectations 
that 


• (H2) ^ esssup E 

1 

Xgds 

^p 

per(F) 

J 

p 


• (H2’) => esssup E 


Xsds 

Tp 

per(F) 


p 



< + 00 . 


< +00 for alH < T and E [A^] = +oo. 


We emphasize that assuming (H2) or (H2’) implies in particular that the martingale 
M is in BMO(G) (see below for more details), which implies by the well-known energy 
inequalities (see for instance CZI) the existence of moments of any order for A. More 
precisely, we have for any p 1 


(H2) ^ E 
(H2’) ^E 



(2.3) 

(2.4) 


Furthermore, since by m Proposition 4.4] , P[r > t\Tt\ = e ^*, for every t ^ 0 we have: 
. (H2) ^Supp(r) 3[0,r], 

. (H2’) ^ Supp(r) = [0,T], 
where Supp denotes the support of the G-stopping time t. 

The previous remark entails in particular that (H2) and (II2’) lead to quite different 
maximization problems. The model under Assumption (H2) is the one which is the most 
studied in the literature and expresses the fact that with positive probability, the problem 
is the same as the classical maximization problem with terminal time T. Naturally, 
the expectation formulation puts a weight on the scenarii which, indeed, lead to the 
classical framework. Assumption (II2’) expresses the fact that with probability 1 the final 
horizon is less than T (see Figure[2]for an example). This makes the problem completely 
different since in the first case the agent fears that some random event may happen, 
whereas in the second case she knows that it is going to happen. As a consequence, these 
two different assumptions should make some changes in the mathematical analysis. This 
feature will become quite transparent when solving BSDEs related to the maximi zation 
problem. 

For any m e N*, we denote by 7^(F)’" (resp. 7^(G)"*) the set of F (resp. G)-predictable 
processes valued in M™. If m = 1 we simply write 7^(F) for 7^(F)^, and the same for G. 
We recall from EHl Lemma 4.4] the decomposition of any G-predictable process ip, given 

by 


Ipt = tptU^T + 1pl{T)lt>r- 


(2.5) 
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Here the process tjp is F-predictable, and for a given non-negative u, the process 
with t ^ u, is an F-predictable process. Furthermore, for fixed t, the mapping ipti') 

(x) S([0, oo))-measurable. Moreover, if the process ip is uniformly bounded, then it is 
possible to choose and ip^{.) to be bounded. 


We introduce the following spaces 

• Sp := < y = (yt)te[o.T] G 7^(F), with continuous paths, E 


sup \Yt\ 

te[0.T] 


< -too V , 


:= V ^ (^t)te[o,T] e ^(G), with cadlag paths, E 


sup I Ft I 

t€[0.T] 


< -1-00 , 


^1? ^ — (^t)te[0,T] G 7^(F), with continuous paths, |jy||F co := sup \Yt \ < -too > , 

te[0.T] 


^G := V = (^t)te[o,T] 6 7^(G), with cadlag paths, ||y||G.oo := sup \Yt\ < -too 

t€[0,T] 


■.= \z= {Zt\e[ 0 ,T] e E 


■.= \z = {Zt)te[ 0 ,T] G r{Gf, E 


I^l:= \ U = iUt)t,[o,T]^riG), E 


WZ.Jrds 


\\Z,fds 


f \u, 

JO 


2 
s j 


Xgds 


< -too V , 


< -too y, 


< -too 


In the following, let Y be in (resp. Sq ), for the sake of simplicity, we use the notation 
Halloo := l|y^l|F.oo (resp. ||y||oo := HFUg.oo)- We conclude this section with a sufficient 
condition for the stochastic exponential of a cadlag martingale to be a true martingale. 
Given a G-semimartingale P := {Pt)te[o,T]> we denote by £{P) := {£{P)t)te[o,T] its 
Doleans-Dade stochastic exponential, defined as usual by: 


£{P)t-.= exp(pt-hp^,P%) n (l + A,P)exp(-A«P), 

' 0<s^t 


with AgP := Ps — Ps- and where P‘^ denotes the continuous part of P. A cadlag 
G-martingale P is said to be in BMO(P, G) if 

II^I1bmo(p,g) := esssup E [\Pt - Pp-\^\Gp] < +oo. 

per(G) 


For simplicity, we will omit the P-dependence in the space BMO(P, G) and will only 
specify the underlying probability measure if it is different from P. 

Proposition 2.2. Jll[ VII. 76] The jumps of a BMO(G) martingale are bounded. 

The previous proposition together with the definition of a BMO(G) martingale imply 
that it is enough for P to be a BMO(G) martingale, that it has bounded jumps and 
satisfies: 

esssup E[|Pt — PpP| Qp\ < +00- 
peTiG) 

For the class of BMO(G) martingale we have the following property. 

Proposition 2.3. JlTi Theorem 2] Assume that P is a G martingale such that there 
exists c, 5 > 0 such that A^P > —1 -f S and | At-P| ^ c, and which satisfies 


esssup E[<P>t - (P)p\Gp] < + 00 . 
per(G) 

Then P is a BMO(G) martingale and £{P) is a uniformly integrahle martingale. 
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We set for B G {F, G} 


H|mo.p(B) :=\n = (W)te[o.T] e (B), ( f N^dlVs) e BMO(B, P) I , 

[ \Jo / te[0,T] j 

and use the same convention consisting in omitting the P dependence unless we are 
working with another probability measure. 

3 Exponential utility function 

We study in this article a "usual" utility function, namely the exponential function, to 
solve the utility maximization problem (|2.1I) . which is open in the framework of random 
time horizon. By open we mean that, even though we have seen that the existence of an 
optimal strategy for general utility function has been given in [7] using a duality approach, 
we here aim at characterizing both the optimal strategy tt* and the value function. To 
that purpose, we combine the martingale optimality principle and the theory of BSDEs 
with random time horizon. Note that in the classical utility maximization problem with 
time horizon T this technique has been successfully applied in |29) in the exponential 
framework, and in m for the three classical utility functions, that is exponential, power 
and logarithm. 

Recall the maximization problem (12.11) 

where A denotes the set of admissible strategies, that is G-predictable processes with 
some integrability conditions (precise definitions will be given later on), and ^ is a 
bounded f/TAT-measurable random variable. At this stage we do not need to make 
precise these integrability conditions and the exact definition of the wealth process A"’. 
Let us simply note that by definition an element n oi A will satisfy that Trl(^^^x,T] = 0- 
This condition together with the characterization of G-predictable processes recalled in 
(12.Sp entails that tt = 7rl[Q with tt a F-predictable process. Hence in our setting the 
strategies are essentially F-predictable. 

We now turn to a suitable decomposition of ^ when T < t or r ^ T. 

Lemma 3.1. Let ^ be a QtA.T-’ m-so.surable random variable. Then, there exist which 
is J-T-measurable and an ¥-predictable process such that 

? = + CrlrsST- (3.1) 

Proof. Let ^ be a t/T at- measurable random variable, we have 


C = '?1t<T + 


which can be rewritten as 

f = C^1t<t + I“1tsST, 

where is an At measurable random variable and is t/T--measurable. According to 
IMl Theorem 2.5], since the assumption (HI) holds, we get = Qr, where we recall 
that the cr-field is defined by 

X is an F-optional process). 

Hence, from the definition of J>, we know that there exists an F-optional process denoted 
by such that = Ct, P — a-S- Since F is the (augmented) Brownian filtration, any 
F-optional process is an F-predictable process. □ 

Remark 3.2. In [24^ , the deeomposition (EH) was taken as an assumption. However 
thanks to Lemma fXTl we know that as long as F is the augmented Brownian filtration, 
it always holds true. 
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In our framework, the martingale optimality principle can be expressed as follows (we 
provide a proof for the comfort of the reader even though the arguments are the exact 
counterpart of the deterministic horizon problem). 

Proposition 3.3 (Martingale optimality principle for the random horizon problem). Let 
:= (I?r)t6[o,T] be a family of stochastic processes indexed by tt s A such that 

(*) - e), e 

{ii) is a G-supermartingale for every tt in A, 

(Hi) 3c e R, Rq = c, Vtt g A, 

(iv) there exists n* in A, such that K"* is a G-martingale. 

Then, tt* is a solution of the maximization problem (ED. 

Proof. Let tt in A. Conditions (i)-(iv) immediately imply that 




§ Rf (ix) J (1) E[C/(X?:, - 0], 


which concludes the proof. □ 

Note that until now, we have used neither the definition of A (provided that the expec¬ 
tation E[17(Xy^^)] is finite) nor the definition of U. However, it remains to construct 
this family of processes (R^)Tr^A and this is exactly at this stage that we need to specify 
both the utility function U and the set of admissible strategies A. To this end we set: 


H(x) :=supE[f/(X?,,-e)], (3.2) 

-kbA 

where denotes the value at time T a r of the wealth process associated to the 

strategy T^i[tA.T,TAT] with initial capital x at time 0, defined below in (13.31) . This amounts 
to say that the optimization only holds on the time interval [t a t,T at]. From now 
on, we consider the exponential utility function defined as 


U(x) = — exp(—acc), a > 0. 

In that case we parametrize a IR™-valued strategy tt := (7ri)tg[o,T] the amount of 
numeraire invested in the risky asset S (component-wise) so that the wealth process X'^ 
associated to a strategy tt is defined as: 

Xf = X 3- r TTs • (JsdWs + f TTs • bsds, t G [0,T]. (3.3) 

Jo Jo 

Note that under our assumption on a (that is acA is invertible and uniformly elliptic), the 
introduction of the volatility process does not bring any additional difficulty compared 
to the case with volatility one. Indeed, as it is well-known, if we set 9 := a"’"(aa"^)~^b 
and p := the wealth process becomes 

X^ = x+ \ Ps-dWs + \ Ps- Osds =: Xf, t G [0,T], (3.4) 

Jo Jo 

and a portfolio is described by the processp, which is now R'^-valued. Let C := (Ct)te[o,T] 
be a predictable process with values in the closed subsets of As in m we define the 
set of admissible strategies by 

A := |p G A, p G I , 


with 

A := |(pt)te[o,T] 6 V(G)'^, pt G Ct, dt®F — a.e., p1(taT,t] = o|- 
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Since the liability ^ is bounded, according to [13 Remark 2.1], optimal strategies corre¬ 
sponding to the utility maximization problem coincide with those of [16] . In order 
to give a characterization of both the optimal strategy p* and of the value function V (x) 
defined by (13.21) , we combine the martingale optimality principle of Proposition 13.31 and 
the theory of BSDEs with random time horizon. 

Theorem 3.4. Assume that {HI) and {H2) or {H2') hold. Assume that the BSDE 


Yt = ^' 


rTAT aTaT aTaT 

Z, dW,- \ UsdHs - f{s, Ys,Z,, Us)ds, t e [0, T], (3.5) 

JtAT JtAT JtAT 


with 


a 


f{s,uj,z,u) := --dist z + -ds^Csiu}) + z ■ 9s + —— 
2 \ a j 2a 


-X 


e““ - 1 


(3.6) 


where dist denotes the usual Euclidean distance, admits a unique solution {in the sense 
of Definition \4.1\ such that Y and U are uniformly bounded and such that Zg • dWg + 
^o(e“^'’ — YjdMg is a By[0{G)-martingale. Then, the family of processes 

Rf := — exp(—a(Xf — Yt)), t G [0, T a r], p e A, 

satisfies {i) — {iv) of Provosition [XM so that 

V{x) = - exp(-a(x - Fq)), 

and an optimal strategy p* e A for the utility maximisation problem (13.21) is given by 


pfeUciu.) + ’ ^e[0,T], P- 


(3.7) 


Proof. Assume that the BSDE (13.51) admits a unique solution (in the sense of Definition 
HU) such that Y and U are uniformly bounded and such that 


P := \ Zs dWs+ I (e 
Jo Jo 


l)dMs, is a BMO((G) martingale. 


Following the initial computations of m (see also [3 [571 for the discontinuous case) we 
set: 

:= — exp(—a(Af — Yt)), t G [0, T a r], p e A. 

Clearly, the family of processes Rp satisfies Properties (i) and (iii). By definition each 
process Rp reduces to 


Rf = Afexp^J v{s,ps,Zs,Us)ds^ , 


with 


a. 2 

v{s,p, z, u) := — Up - z\\ -ap-e + As(e““ - 1 - au) + al{s^r}f{s, z, u), 


and 


Af := - exp{-a{x - Yo))S (^-a J (p. - Zg) ■ dWg + j (e“^“ - l)dM,^ , 

which is a uniformly integrable martingale by Proposition 12.31 As in m, the latter 
property together with the boundedness of Y and the notion of admissibility for the 
strategies p imply that each process RP is a G-supermartingale and that Rp is a G- 
martingale with p* G (Z* -I- t G [0, T]. We conclude with Proposition [33 □ 
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Remark 3.5. In this paper we have considered exponential utility, however the case of 
power utility and/or logarithmic utility follows the same line as soon as ^ = 0. 

Of course, the above theorem is a verification type result, which is crucially based on 
the wellposedness of the BSDE (13.51) . We have therefore reduced the analysis of the 
maximization problem to the study of the BSDE (13.511 . which is the purpose of the next 
section. 


4 Analysis of the BSDE fl3.5l) 

4.1 Some general results on BSDEs with random horizon 

As we have seen in the previous section, solving the optimal portfolio problem under 
exponential preferences (with interest rate 0) reduces to solving a BSDE with a random 
time horizon. This class of equations has been studied in [^, and one could construct a 
classical theory for these equations. However, in our setting the filtration G is strongly 
determined by the terminal time r, and the structure of predictable processes with respect 
to G is richer than in the general framework. More precisely, from EHl we know that a 
G-predictable process can be described using F-predictable processes before and after r 
as recalled in (12.51) . 

Recall that by (EH), any bounded at- measurable random variable ^ can be written as 

C = C^1t<t + 

with a jy-measurable bounded random variable, and a bounded F-predictable 
process. 

Taking advantage of this decomposition, the solution triple to a BSDE with random 
horizon t has been determined in m as the one of a BSDE in the Brownian filtration F 
suitably stopped at r (see (li?71)-(ra below for a precise statement). However we would 
like to stress that this result has been obtained under the assumption that A is bounded 
which is a stronger assumption than (H2). 

We consider a BSDE with random terminal horizon of the form 

aTat aTat aTat 

= e - /(s, Ys,Zs, Us)ds - Z,-dWs- \ UsdHs. (4.1) 

JtAT JtAT JtAT 

From (|2.5D (see also (4.28) in (21]), we can write 

/(t,.)D<, = /(t,.)lt<,, (4.2) 

where /^ : D x [0, T] x R x x R — > R is F-progressively measurable. 

Definition 4.1. A triplet of processes (Y,Z,U) in x Hg x Lq is a solution of the 
BSDE (14. 1|) if relation (|4.1D is satisfied for every t in [0,r a t], P-a.s., Yt = Ytat, for 
t^T AT, Zt = 0,Ut = 0 for t > T A T on the set {r < T}, and 


E 


aTat 

Jo 


\fi/ 


Yt,Zt,Ut 




< + 00 . 


(4.3) 


Remark 4.2. If f is Lipschitz continuous then the fact that (Y, Z, U) are in the space 
Sq X Hg X Lq implies that (|4.3D holds. However under {H2) or {H2’), f in (13.61) is not 
Lipschitz continuous and the fact that (Y, Z, U) are in the space Sq x IHIg x does not 
guarantee that 


E 


aTat 

Jo 


\f{t,Yt,Zt,Ut)\dt 


< + 00 . 
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Remark 4.3. Note that the term ^^UsdHs is well-defined since it reduces to Urlt^r- 
Another formulation of a solution would consist in re-writing 63 as: 

^Tat aTat aTat 

= e - [/(s, n, Us) + A«t/,]ds - Zs-dWs-\ UsdMsU G [ 0 , T], 

JtAT JtAT JtAT 

In this case, the integrability condition on the driver basically amounts to ask 

rT 


E 


f As|C/s|ds 
Jo 


< + 00 , 


which insures that the process U is locally square integrabl^, justifying the definition of 
the stochastic integral UsdMg. 

Similarly given f an J^T-nieasurable map, and / : U x [0,T] x R x —> R an F- 

progressively measurable mapping, we say that a pair of F-adapted processes (Y, Z) 
where Z is predictable is a solution of the Brownian BSDE: 


Yf. = 


f{s,Ys,Zs)ds-Zs ■ dWs, t e [0,TI 


if Relation (14.41) is satisfied and if 

^Jf{t,Yt,Zt)\dt+ dtj 


E 


y/2 


< + 00 . 


(4.4) 


(4.5) 


We recall the following proposition which has been proved in [24] . 
Proposition 4.4. Assume {H1)-(H2). If the {Brownian) BSDE 

rT rT 


Yl> = 


e - I f\s, Y^, Zl, C - Y^)ds - I Zl ■dWs,te [0, T], 


(4.6) 


(4.7) 

(4.8) 

(4.9) 


admits a solution {Y^, Z^) in x Hp, then (F, Z, U) defined as 

Yt=Yt^lt^r+Clt^r, 

Zt = z’l lt<iT, 

ut = (er - F/) 

is a solution of the BSDE (|4.1D in x Hg x Lg. 

The previous proposition is in fact a slight generalization of the original result in ED, 
since in this reference the authors assume A to be bounded, which implies condition (H2). 
In addition, the authors in this reference work with classical solutions in §g x x Lq. 
However, the proof follows the same lines as the original proof in (Mj, we just notice 
that [Ml Step 1 and Step 2 of the proof of Theorem 4.3] are unchanged and Step 3 holds 
under Assumption (H2) noticing that 

||C7|Il2 ^ CE[Atat] < +00, 

since Y^ and are in S”. 

Proposition 4.5. We assume {HI) and {H2'). Let A be a real-valued, J-t- measurable 
random variable such that E[|Ap] < +oo. Assume that the BSDE 


Yfi = 


A - f\s, Y^, Zl C - Y^)ds - Zl ■ dWs, t G [0, T], (4.10) 


'^Consider := inf{t Pn-i, \Ut\ > n} and tq := 0, and remark that [Hsl^Asds = Jq" |t/sl^Asds 


njg |17s|Asds < 00 , P—a.s. 
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admits a solution {Y^, Z^) in x Then (Y, Z,U) given by 


Yt 

— Yt lt<r + It^T, 

(4.11) 

Zt 

= ^tlt^T, 

(4.12) 

Ut 

= -Y^)lt^r, 

(4.13) 


is a solution of 63 and (Y, Z, U) belongs to Sq x Hq x E>q 


Proof. We reproduce the proof of |241 Theorem 4.3]. Step 1 and Step 2 are unchanged 
and prove that for all t e [0,T], (Y,Z,U) defined by (I4.11|) . (I4.12|) and (14.131) satisfied 
BSDE (I4.1|l . From the definition of Y, since Y^ and are in we deduce that F G 
from the definition of Z, we deduce that Z e Hq. □ 


Remark 4.6. Note that in the previous result, the fact that Y^ is for example bounded 
would not imply that U is in Lg as A is not integrable. 

Remark 4.7. The previous result is very misleading since the terminal condition A in 
(I4.1()|l plays no role. More precisely, assume that for two different random variables 
and A"^ such that the associated solutions (Y"^ , Z"^ , ) and (Y^ , Z"^ , ) are 

bounded and verify that 

f Zf^ ■ dWs + I — l)dMs is a PAAOiG)-martingale (i = 1,2). 

Jo Jo 

Then obviously Y^ ^ Y^ , and in light of the proof of Theorem \3.4l the maximization 
problem (IS3 would then be ill-posed as it would have two different value functions. 
Even though the notion of strategy we use slightly differs from the one used in m, this 
conclusion seems to contradict the well-posedness result obtained in this reference. This 
remark suggests that it might be possible to solve the Brownian BSDE (14.101) for only 
one element A. For instance, in the exponential u tility setting. Relation 63 suggests 
that A = fff to solve BSDE (]4.10l) . To illustrate this, we assume that a = 1 and that 
there is no Brownian part. We consider the following Cauchy-Lipschitz/Picard-Lindelof 
problem: 

y't = - 1), VT = A. 

Assume that is deterministic, bounded and continuously differentiable. Set Xt := . 

Hence, the previous ODE can be rewritten: 

x[ = At(e^“ - Xt), XT = e^. 


Thus, we can compute explicitly the unique (global) solution, which is 

Xt = e~^*C + r XsC^^ds, t G [0, T], 

Jo 

where C is in R. Using an integration by part, one gets 

rt 

Xt = e-^*C + e«“ - t g [0,T]. 

Jo 

Letting t go to T, we obtain that we must have Xt = . Therefore there is a solution 

if and only if A = ^!f. 


4.2 BSDEs for the utility maximization problem 

In this section we focus our attention on a class of BSDEs with quadratic growth, which 
contains in particular the one used for solving the exponential utility maximization prob¬ 
lem. We assume that the generator / of BSDE 63 admits for all {t,oj,y,z,u) in 
[0,T]xr2xR.xR'^xR the following decomposition 

1 - e“" 

f{t,uj,y,z,u) = g{t,u},y,z) + At(w)-, (4.14) 

Q 

where g is a map from [0, T] x O x R x to K. We assume moreover that g satisfies 
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Assumption 4.8. (i) For every {y,z) e R x g(-,y,z) is Gi-progressively measur¬ 

able. 

(ii) There exists M > 0 such that for every t G [0,T], |(7(t,0,0)| ^ M, and for every 
{t, uj, y, y', 2 ') G [0, T] X 17 X M X R X X R'^, 

l 5 (i,w, 2 /, 2 )- 5 (t,w,j/',z)| ^ M\y-y'\, 


and 

\ 9 {t,iz:,y,z) - g{t,uj,y,z')\ ^ M(1 + ||z|| + Hz'DIIz - z'\\. 

Before going further, notice that under Assumption 14.81 we have the following useful 
linearization for all t e [0, T] 

g{t, uj, y, z) - g{t, uj, y', z') = m{t, uj, y, y'){y - y') + g{t, uj, z, z') • (z - z'), P - a.s., (4.15) 

where m : [0,r]xl7xRxR —> R is G-progressively measurable and such that 
\m{t,y,y')\ ^ M and ry : [0,T] x 17 x R^ x R^^ —> R'^ is G-progressively measurable 
and such that 

||ry(7,z,z')HM(l + ||z|| + ||z'||), P - a.s. 

For simplicity, we will write r](t,z) instead of 77 ( 7 , z,0) and m{t,y) instead of m(7,?/, 0). 
Notice that under Assumption 14.81 there exists yr > 0 such that for every t G [0,r] and 
y, z G R X R'^ 

|y(7,y,z)| ^/i(l + |y|-f ||zp), P - a.s. 


4.2.1 A uniqueness result 

We start with a uniqueness result for BSDE (14.111 under the Assumption 14.81 

Lemma 4.9. Assume that (HI) and Assumption \4.8\ hold. Under {H2) or {H2'), the 
BSDE (liHl .- 


rT AT nl AT nl AT 

Ft = e - Zs-dWs-\ UsdHs - f{s, Ys, Zs,Us)ds, t G [0, T] 

JtAT JtAT JtAT 

admits at most one solution (Y, F, U) such that 

Y G Sq and f Zg ■ dWg + f (e“^“ — l)dMg is a BMO(G) martingale. 

Jo Jo 

Remark 4.10. From the orthogonality ofW and M, notice that 

I Zg ■ dWg + I (e“^“ — l)dMg is a BMO(G) martingale 

Jo Jo 

I Zg ■ dWg and j (e“^“ — \)dMs are two BMO(G) martingales. 

Jo Jo 

Proof of Lemma \4.9\ Let {y,Z,U) and {y,Z,U) be two solutions of BSDE (14.11) above 
with (3^, 3^) G X Sq and such that 

Z, -dWgP I - l)dMg and I Zg-dWg+ \ - l)dM, 


r>T A T 


r*T A T 


\ Zg-dWg+ \ (e 
Jo Jo 


are two BMO(G) martingales. Then ((537 := 37 — 37, SZ := Z — Z, 6U \= U — U) solves 
the BSDE: 

^Tat aTat aTat 

(537* = 0 - (5Z, dWg-] 8UgdHg - Sf{s)ds, t g [0, T], 

JtAT JtAT JtAT 
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where 


Sfis) := gis,y,,Z,)-g{s,ys,Z,)-X, 
The equation linearizes to obtain 


^aUs _ gOLUs 


5yt = Q- 


5ysm{s, 3^,) + 5Z, ■ g{s, Z„Z,) - Xse°^‘SUsds 


pi A 
JtAT 

^Tat aTat 

• dWs - SUsdHs, t G [0, T], 

JtAT JtAT 


where 14s is a point between Ug and 14g, m and g are given by Relation (I4.15|) . Knowing 
that Zg ■ dWg and Zg ■ dWg are two BMO(G)-martingales, from Assumption 14.81 ^1 
we deduce that ^^g(s,Zs,Zg) ■ dWg is a BMO(G)-martingale and the previous relation 
re-writes again as: 

aTat aTat nT at 

6yt = 0- SZg ■ dW^ - SUgdMf - sygmgds, t g [0,T], (4.16) 

JtAT JtAT JtAT 


with 




s,Zg,Zg)-dWg + - l)dM, 




and IT'® -=^^ + 10 Zs,Zg) ■ dWg and M® := M — — l)Asds. Note that Q is 

a well-defined probability measure, as soon as S{P) with 


P := 


■ r g{s,Zg,Zg) -dWg+l - l)dM„ 
Jo Jo 


is a true martingale. In that case, the conclusion of the lemma follows by linearization 
and taking the Q-conditional expectation in (|4.16l) knowing that m is bounded. It then 
remains to prove that the process P is a BMO(G) martingale which will imply that its 
stochastic exponential is a uniformly integrable martingale by Proposition [531 Note that 
since — \)dMg and — l)dMg are two BMO(G) martingales, then according 

to Proposition 12.21 I4r and Ur are bounded, hence Ur is bounded by c > 0. We deduce 
that the jump of P at time r is bounded and greater than — 1 -f i5 with S := e““'^ > 0. 
Since Ug is an element between Ug and Ug, it is a (random) convex combination of Ug 
and Ug. The convexity of the mapping x i-^ |e“^ ~ Ip implies for any element p in P(G) 
that 


f 


r,CtUs 


irA,,ds ^ c 


:r 


r,aUs 


iPAcds 4- 


r 

*jp 


r,CtUs 


IrA.^ds 


This estimate together with the BMO properties proved so far, imply that P is a BMO(G) 
martingale. □ 


4.2.2 Existence results for Brownian BSDEs 

We turn to the existence of a solution (Y, Z) to the BSDE (14.11) such that Y is in Sg 
and Zs • dWg + — l)dMs is a BMO(G) martingale under Assumptions (H2) 

and (H2’). From Proposition 14.41 and Proposition 14.51 this BSDE can be reduced to the 
following Brownian BSDE 




-r 


g\s,Y,\Z^,)+X. 


1 e“(C-W) 


-ds 


a 


-r 


z: ■ dWg 


(4.17) 


where g^ satisfies Assumption 14.81 (changing in (i) G-progressively measurable by F- 
progressively measurable) and inherits the decomposition (I4.15|) from the one of g as 


g^{t,u},y,z) - g^{t,uj,y',z') 


m^{t, uj, y, y'){y - y') -t w, 2 , z'){z - z'), 


(4.18) 
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for any {t,y,y', z, z') G [0,T] x x with := m{t,-)lt^r and rf’it,-) : = 

Olt^sr- However, neither Assumption (H2) nor Assumption (H2’) guarantee direetly 
that this quadratic BSDE admits a solution. Hence, we use approximation arguments 
and introduce quadratic BSDEs defined for n ^ 1 by 






1 _ e“(C 


ds-J^ t G [0,r], (4.19) 


where A" := X a n. By developing the integrand in this BSDE (14.191) . one obtains 


vb,n 


r 






r 


dWs, t G [0,r], (4.20) 


where A^ := A” 

Lemma 4.11 (General a priori estimates under (H2)). Let n ^ 0. Under Assumptions 
{Hl)-(H2) and Assumption ]^. 8\ the BSDE (14.191) admits a unique solution (E^’", Z^’") G 
X lHIgjyjQ|.p^ such that for all t e [0, T], 


\Yb,u\ ^ ^MT (||^6||^ ^ ^ 

and is uniformly bounded in n. 

Proof. Let t G [0,T]. The proof is divided in several steps. 

Step 1: Uniqueness. Assume that there exist two solutions (3^”, Z”) G S” xH^ and 
(3^",Z") G X to BSDE ( |4.19p such that ||Z"||]h[ 2 ^^(f) + ||Z"||h 2 ^^(j,) is uniformly 
bounded in n. Set Sy^ := 3^” — 3^" and dZ" := Z" — Z", and 


f 

Jo 


\n ,= I 

Thus {Sy^,SZ^) is solution of 


6yf = 0 




zj,z,").«z;*+ Aj + ra‘(s,rj,rj)Uy;*- sz-;.dw,. (4.21) 


-r 


Hence, knowing that Jp Z" • dlTs and Z" • dWg are two BMO(F) martingales and using 
Assumption 14.81 we know that is in IHlB]y[ 0 (F) define a probability Q by 


dQ 

d¥ 


:= £ 


■f 


y^{s 


p'U 


‘) • dw. 


Moreover, IT'® := + Sg Z'^)ds is then a Brownian motion under Q. So BSDE 

(I4.2ip rewrites as 


dyr = ^-[ i^s + m\s, Tr, X)) syys-sz^ ■ dw?. 

Set _ 

^ 3 ;" := foj. all t G [0,T]. 

—>-4 n —>-4 n 

Then (Sy , SZ ) satisfies 


53 ;” = 0 - • dlT®, t G [o,r]. 


which admits (0,0) as unique solution. 


(4.22) 
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step 2: Existence. We turn now to the existence of a solution of BSDE (14.1911 in 
X Consider the following truncated BSDE 


vr = e-\\\s,Y:,z:)+x\ 


1 _ e “( C - Wv (- Cr )) rT 


-ds 


-I 


Z^-dWs. (4.23) 


Then, the classical quadratic BSDE (14.2311 admits a unique solution {Y'^,Z'^) G S” x 
IHIgMO(F) E3)- We can then rewrite BSDE (14.231) as 


Yr = e- 


I (g''(s,0,0 )+(a; 


. + m\s, r-)) y: - 




+ a:- Z^) • Z:)ds - Z: • dWs, (4.24) 

CX ^ ' Jt 

where A" := As a uJq 

Set 7 "(s) := A”l|y„|<c,^ + m\s,Y,^) and := Y'^e-^oY{s)ds^ ggpg 

mM 


Ids 


fo n. l—galC+Cx) ^ 

-J^ e-^o'T.du^n ---, ie[0,T], 


where dQ" = f (— » 7 ^(s, Zf) ■ dWs)dP and IT'®" := W + ? 7 ^(s, Z^)ds is a Brownian 

motion under the probability Q", since V^{s, Z'^) ■ dWg is a BMO(F)-martingale from 
Assumption D.SD D. Increasing the constants if necessary, we have ^ —Cy, then 
taking the conditional expectation under (Q” we deduce that 


F,’^>-e'^^(||^^|U + M(r-t) + ||r|UE®”[| e 






])^ 


;=/ 


-\rKH 


du 


Since / = 1 —e ^ y">-CY ^ 1, we deduce that Y^ > —Cy. A posteriori, we deduce 
that the solution {Y'^,Z^) of BSDE (14.2311 is in fact the unique solution (F^’",Z^’") of 
BSDE (I4.19|l in S” x such that y/’" ^ —Cy, t G [0,r], P —a.s. Then, using a 

linearization and taking the conditional expectation under Q", we can compute explicitly 
from BSDE (OCT) 


= -E®" 


^bg- Sr -f^du g- j^du Q) _ 




^ e 


MT/||r-&|| 


+ M(T-t) + ||r||ao). 


step 3: BMO norm of Let p G T(F) be a random horizon and /3 a positive 

constant. Using Ito’s formula, we obtain 


g/JY)- ^ g/35' 




1 _ ga(C-W 


ds 


a 


J' /feO'-.'-Z*'" . dir, - ^ |’'e«'.‘'"||Z,*'"||>ds. 
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Hence, from Assumption (HI), using the fact that, by Step 2, is uniformly bounded 
in n by Cy and taking conditional expectations, we deduce 


eP^'"'\\Z:fds 


^ 6^11^'’“°° + /3E 


^P 

Jp 



Jp 



+ 


1 + 


p^dl^^lloo+C'v) 

^-E 


a 




Xsds 

Jp 

^P 


Since \g^{s,y,z)\ < p(l + \y \ + ||zp) we obtain 


Y - >‘/3 I E 


f 






^ + l3e^^^TyL{l + Cy) 

1-1- g“(ll 5 “lloo+C'r) 

+ Pe^Cy^ -E 




Xsds 

Jp 

J^P 


By choosing /3 > 2p, under Assumption (H2) and using the boundedness of Y^’", we 
deduce that 



" 9 


E 

II ^Ml ds 

Jp 

- 1 


< 


C/3, 


where 

Cf, := 


/ T loo+C'r) 

r 


w 

1 + /3 E 

Xsds 

^p 

+ 'l'p(l + CV) ) 

L V 

Jp 


)\ 




Then, under Assumption (H2), ||2’^’"|| jj2mo(f) i® uniformly bounded in n. □ 

Theorem 4.12. Let Assumptions {HI)-{H2) and Assumption \4.8\ hold. Then the Brow¬ 
nian BSDE 


= e- 


\: 


g\s,Y^,Zl) + \ 


1 e“(C-Tf) 


I 


ds - Zl- dWs, t e [0, T], (4.25) 


admits a unique solution {in x H^). In addition, Y^ is bounded and Z^ ■ dWg is a 
BMO{¥)-martingale. 

Proof. The proof is based on an approximation procedure using BSDE (I4.20|) . The aim 
of this proof is to show that the solution (F",Z") to this approached BSDE converges 
in X to the solution of BSDE (|4.25l) . Let p,q ^ n, we denote 6Yt := Yf — Yff 

and 6Zt := Zf — Zf for all t G [0, T]. Then, {5Y, SZ) is solution of the following BSDE 


SYt = - I m'(s, Yf, Yf)SYs + g\s, ZP, Zj) ■ 5Zs + A? 


1 _e“(C-Lf) 


-ds 


-I 


■T 1 _ 

A!—^- ds 


-r 


5Zs ■ dWs 


which can be rewritten as 

rT 


6Yt = 


-I 

-r 




a 


+ (A? - K) ---+ + m\s, Yf, Yf)) SY^ds 


5Z, • dWT 
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where 1" is a process lying between and which satisfies for all s G [t,T], iFgl ^ 
Cy, P — as., and where VF*®” ■= ^ + So ’ Zj)ds is a Brownian motion under Q” 

given by 


dP 


= E 




which is well defined since Sq V^is, Zp, Z^).dWs is a BMO(F) martingale from Assumption 
^ Let /3 > 0, using Ito’s formula 


r 
-r 


e^*\SYt\^ = “ J + 2 m^(s,Ff,r/) + / 3 j {SY^l^ds 

e^^SYJZs ■ dWp" - '' 


I e^^\\5Zs 


ds. 


Using the non-negativity of and choosing /3 > 2M, we deduce that 

e^‘|drtp < 0 - 2e^"dr,v?P’«ds - 2 e>^^6YsSZs ■ dWf - e^"||<5Z,pds. 


Then, using the boundedness of U” uniformly in n, there exists a positive constant C 
such that 


jgQ" 

sup IdUip 

-f-E'®" 

r wszsfds 

^ C'E'®" 

r]AP-A«|ds 


ie[0.T] 


Jo 


Jo 


Hence, 


eQ" 

sup IdFtp 

sg CE®" 

r\xp-xi\ds 


te[0,T] 


Jo 


(4.26) 


We want to obtain this kind of estimates under the probability P. Notice that 


E 

sup \5Yt\^ 

= E*®” 

e(- \ 7j\t, Zf, Zf) ■ dWt] sup 


te[0,T] 


\ JO J ie[0.T] 


j\\t,ziz?).dw^ 


sup \5Yt\'^ 
te[0.T] 


From Assumption 14.81 and Lemma 14. Ill ^^r]^{s, Z^) ■ dWg is a BMO(F) martingale and 
jj2mo(f) is uniformly bounded in n. Then according to [231 Theorem 3.3], 
Sq??^(s, 2’") • dVFp is a BMO(Q",F) martingale. Moreover, following the proof of [231 
Theorem 3.3] together with the proof of [23] Theorem 2.4], it is easily verified that 
HrmoW" uniformly bounded in n. Thus, from [231 Theorem 3.1] there 

exists r > 1 (its conjugate being denoted by r) such that 


sup E® 

n^l 


£ 



,ZP,Z^).dW^ 


< - 1 - 00 . 


Since T" is uniformly bounded in n, we deduce that there exists fc > 0 such that 





f rT \ 


' 

E 

sup \SYt\^ 

^E®" 


E®" 

sup \SYt\^ 


te[0,T] 


L v-^o / J 


te[0,T] 




sup \dYt\^ 

te[0,T] 


(4.27) 
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Similarly, from the definition of Q" there exists K > 0 such that 





/ fT Y 

eQ" 

|A?-A?|ds 

KE 

|A?-A«|ds 


Jo 


VJo J 


(4.28) 


Thus, from Inequalities (I4.26L (14.2711 and (14.2811 . we deduce that there exists a positive 
constant k such that Inequality (14.2611 rewrites 


E 

sup \SYY 

^ kE 

( flA^-A^lds^ 


te[0,T] 


[Vo J J 


^ 0 , 
n^oo 


by dominated convergence and using (12.311 . 

Then, we deduce that F" is a Cauchy sequence in S|. Hence, F" converges in S| to a 
process F. Besides, since F^’" is uniformly bounded in n, taking a subsequence (which we 
still denote (F^’")„j.o for simplicity), of uniformly bounded process in n which converges, 
P — a.s., to F^, we deduce that F^ G Thus, by Lebesgue’s dominated convergence 
Theorem, F^’" converges to F^ in for every p ^ 1. Recall that 


f/’" = e" - 9\s, F/’", F^-) + A^F^- - X:Cds - ■ dWs 

where A" := A" C ’ ~^=^d9, which can be rewritten 


yb.n ^ r ^ r yb,n , 

Jo Jo 

where := g^{s, F/’", F,^’") + A"Fj'’" - A^^^ Knowing that lim„^oo 11^''’" - F''||gP = 0 
for every p > 1, we deduce from Theorem 1 in [T] that F^ is a semimartingale such that 
= Yq + Asds + Fj • dWs, where for all p > 1 


E 



Po 


ss K, E 



^K, 


for some positive constant K, and 





r / pT \ '’I 

lim E 

n^<X) 


= 0, lim E 

n—»-oo 

- 1 

1 

_o 


Since F^’" • dWs is a BMO(F) martingale, there exists K' > 0 such that ||F^’"||][jp + 
IIF^IIjjp ^ K'. Besides, using the fact that Y^’'^,Y^ G S®, there exists a positive constant 


20 


























C which may vary from line to line such that 


E 


^ C E 


+ E 


1^: - (g\s, r/, zl) + - A«c) M 

^y + \\Zl\\ + \\Zl’^)\\Zl-Zl^-\\ds 




r 

Jo 


\ \n^b,n 

-^s 




/ D 



ds ) 

4- E 

(f 

As- a: 

\C\ds) 

/ 


\Jo 


) 


<c c( ||y^ -r''’"||sp +E 

:j> 


x 


\\Z^’'^-ZVds 


-E 


A? Ids 


+ 11^'’" - 


0 . 


Then, we deduce that there exists a F-predictable process Z^ such that 

Yt^ = + f g\s, Y,\ Z':) + A,Yj> - + f Z^, • dWs- 

Jo Jo 

Following the Step 3 in the proof of Lemma [4.111 we deduce that Z^ e Then, 

the pair (Y^, Z^) G S® x built previously is the unique solution of BSDE (I4.25L 

the uniqueness coming from Lemma 14.91 together with Proposition 14.41 □ 


We now turn to Assumption (H2’). Notice that the proof of Theorem 14.121 fails under 
(H2’) since E [A^] = oo. We need more regularity on to get a sign on Y^’^, the first 
component of the solution of the approached BSDE (|4.19ll in order to prove that BSDE 
(I4.17|l admits a solution under (H2’). 

Assumption 4.13. is a bounded semi-martingale such that 

Ct“ = Co + f Dsds + f 7s • dWs, 

JO Jo 

where D, 7 are bounded processes satisfying for all s G [0, T], g^{s, 7 s) — Dg ^ 0. 

Before going further, to solve the utility maximization problem (EH) according to The¬ 
orem EH we have to prove that ZgdWg + Sg(e“^'’ — l)dA/s is a BMO(G)-martingale. 
Under Assumption (H2), this property comes for free from the BMO(F)-martingale prop¬ 
erty of Z^dWs and the boundedness of Y^. However, under (H2’) it is not clear that 
whether the BMO(F)-martingale property implies the BMO(G)-martingale property. It 
is why we show that under (H2’), BSDE (14.171) admits a unique solution in x , 

as a consequence of the Immersion hypothesis, which is itself a consequence of (HI). 

Lemma 4.14. Assume that {H1)-{H2’) and Assumptions \4-d\ and \4.13\ hold. Then, the 
following BSDE 

Y^ = A- g\s, Y^ + C, + 7 s) -Dg + \gf{Y^)ds - Zs' • dWg, (4.29) 

where f{x) := — admits a solution in S® x if and only of A = 0. In this 

case, the solution is unique. 


Proof. Assume that A = 0. We aim at showing that BSDE (|4.29l) admits a (unique) 
solution in x . Consider the truncated BSDE 


vb,n 


= 0 


- I"’ g\s, r;-" + e, ^s'’” + 7«) -Ds + AUiYs’^ds - Z,'-" • dWg, 


(4.30) 
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which can be rewritten under Assumption 14.81 


r/’" = 0 - g\s, Cs. ls)-D, + + KY^'^ds - • dWs, 

withms := TO(s,h"/’"+^“,^“), gs ■= ’7(s, ■^^"+7s, 7s) and A” := A” Jp Then, 

following Step 1 and Step 2 in the proof of Lemma 14.111 and since 5 ^(s, 7 s) — Dg is non¬ 
negative under Assumption 14.131 we show that BSDE (14.3011 admits a unique solution 
(yb,n^ ^b,n) £ g™ x SUCh that 


- (T - t)M sg r/’" ss 0, for all t G [0,T], P - a.s., 


(4.31) 


where M is a positive constant. We show now that the norm of does not 

depend on n by following Step 3 of the proof of Lemma [4.Ill Let p G T(G) be a random 
horizon and /3 < 0. Using Ito’s formula, we obtain 


= 1 - F/’” + C,^s’” + 7.) - Ds + K 


1 — e' 




ds 






Hence, using the fact that is non positive and uniformly bounded in n and taking 
conditional expectations, we have for any p G 'T(G), from the Immersion property (HI) 


-E 


r 

J 0 




< 1 + |/3|E 


+ |/3|E 


Jp 

f |5^s, r/-" + Cs“, ^s'’” + ls)\ds 


Since f“, D and 7 are bounded, using the fact that \g^{s,y,z)\ ^ p{l + \y\ + ||zp), we 
obtain 


^-2p\P\]E 


f 

*JP 




7b,n\\2 


ds 


^ e 


l/3|ll«'’llco + |/3|e/3IA''’"ll-c(i + ||y'>’”||„), 


with C > 0. Choosing j3 > Ap and using the boundedness of uniformly in n, we 
deduce that there exists a constant C > 0 which does not depend on n such that 


E 



WZ^p^fds 




^ c. 


Thus, is uniformly bounded in n. 

We prove now the convergence of the sequence (T^’") in for every p in order to apply 
Theorem 1 of [T]. Recall that sg 0, for every t G [0,T]. Then, from the comparison 
theorem for quadratic BSDEs (see e.g. [25l Theorem 2.6]) and since T^’" is non positive, 
the sequence (T^’")„ is non-decreasing. Hence, it converges almost surely to 

Yt^ ■= lim r/’” such that -e^'^(r - t)M s£ Tj'’ ^ 0 for all t G [0, T], 

n—*'O0 


Eix 0 < to < T, we notice that (T^’", Z^’") is also the solution to the following BSDE 

for 0 ^ ^ to 


vb,n 


rio 

1 ■ 


= + g\s, r/-" + C, ^s'’” + 7s) - Ds + A:/(T, 


nt 


• dWs 
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Hence, for every n > 1 and p,q n, by setting SY := — Y^'^ and reproducing the 

proof of Theorem 14.121 with to < T a.s terminal time instead of T, we deduce that for 
every r ^ 0 there exists Cr > 0 which does not depend on p, q such that 


E 


sup \SYt\^ 
i6[0,io] 


sS Cr 




Hence, there exists C > 0 such that for every n ^ 0 


sup E sup \SYt\‘^ 
v,q'»n te[o,to] 




By Lebesgue’s dominated convergence Theorem and since E [Ajj,] < oo, we deduce that 
the sequence is a Cauchy sequence in and knowing that F” is uniformly 

bounded in n, is a Cauchy sequence in for every p 5= 1. Thus, 

converges to F^l[o^to] in Sp for every p ^ 1. As in the proof of Theorem 14. 121 we deduce 
from Theorem 1 in [T] that Y^ is a semimartingale such that for every t < T, 


CA,ds+ r 

Jo Jo 


= I A,ds+ I ZCdW,, 
where for all p > 1 and 0 ^ to < T 





/ rto \P 

E 

sup Z^ ■ dWs 

ss a:, E 

( \As\ds] 


\te[0,to] Jo / 


VJo / 




for some K > 0, and 





/ rto \P 

lim E 

- Z^fds] 

= 0, lim E 

\A:-As\ds) 

n—^co 

\Jo / 

n —>00 

\Jo / 


= 0 . 


Hence, there exists a F-predictable process such that for every 0 < T 




r 


= Fo'’ + I g\s, F/ + e, F,' + 7«) - D, + X^Y^ds + | ZC dWs- 

Thus, for £ > 0 we deduce that there exists a F-predictable process Z^ such that for 
every 0 ^ t < T 


if — ^(T-e)vt' 


-I 


(T-E)vt 


-I 


{T-e)vt 


g\sX+C,Z^s+ls)-Ds + XsY,^ds + 

Moreover using (j4.31li 

l^(T-e)vJ = Jim ^ ^ ^ = F|, 


F^dlFs. (4.32) 


which implies Y^ is continuous at t = T. Then, taking the limit when e goes to 0 in 
(I4.32|l . the pair of processes {Y^,Z^) satisfies BSDE (14.291) . Besides, we have proved 
that F^ is in and non positive. Hence, following the same lines of the proof of the 
uniform boundedness of deduce that II^^IIh|^,o(G) < +®- Since F^ is 

bounded and since < +oo, we deduce that {Y^,Z^) is the unique solution 

in X of (14.291) . in the sense of Definition 14.51 

Assume now that there exists a solution (F^,Z^). Following the Step 1 of the proof of 
[181 proposition 3.1], we show that necessarily A = 0. □ 
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Theorem 4.15. Assume {H1)-{H2’) hold. Assume moreover that Assumption \4-l^ 
holds. Then under Assumption \4-. 8\ the BSDE 

= e? - r/, Zl C - Y^)ds - Z,' • dWs. t G [0, T], (4.33) 

with 

f’’{s,y,z,u) := g^{s,y,z) + K -, 

a 

admits a unique solution such that is bounded and Z^dWg is a TiMO{G)-martingale. 


Proof. Consider the following BSDE 


Yf = 0- 


r 




F/ + e, Zs + Is) -Ds + A,/(F/)ds 


r 


• dW., 


(4.34) 


where /(x) := —. Then, according to Lemma [4.141 BSDE (I4.34|) admits a unique 

solution {Y^,Z^) G S® x . By setting Y^ := Y^ + and Z^ := Z^ + 7 ^, we 

deduce that (F*', Z^) is the unique solution of (14.3311 in x . □ 

Remark 4.16. Even if As sump tion \^TT^ is not too restrictive, especially from the point of 
view of financial application, we would like to point out the fact that it is not a necessary 
condition. Consider for simplicity the setting corresponding to a = 0, and assume that 
is a deterministic continuous function of time (which may be of unbounded variation 
and thus not a semimartingale), and consider under (H2’) the following linear BSDE 

Ft=er + | A,(C:-F,)ds-| Zs-dWs. (4.35) 

Assume that it admits a solution. Then, we necessarily have 


II 

f Xse-^‘Ydu^a^^ 

1- 


Jt 



Since is automatically uniformly continuous on [0,T], there is some modulus of con¬ 
tinuity p such that 


Yr-g - CtK p(£)IE 


J^T-s 


JT-e 



= P{^)^ 


so that we obtain Yt-s —> ■Ct when e —> 0 . 

However, we cannot hope to solve BSDE (I4.35|) without assuming at least that is 
left-continuous at time T. Indeed, assume that = 1[o,t) o,wd choose Xg = Then, 


Yt-s = -1 - Ct = 0, 

E—>0 


which means in this case that BSDE (I4.35|) does not admit a solution. 

The previous remark leads us to hypothesize that Assumption 14.131 is not necessary to 
obtain existence and uniqueness of the solution to BSDE (14.331) . We give the following 
conjecture that we leave for future research. 

Conjecture. Assume {H1)-{H2’) hold and that 5 ^( 5 , 0,0) is non-negative for every s G 
[0,T]. Then under Assumption \4.S\ the BSDE 

F/ = f\s, F/, Zl e - Y,^)ds - Z^, ■dWg,ts [0, T], 

with 

1 _ OLU 

f{s,y,z,u) := g^{s,y,z) + A^- 

a 

admits a unique solution such that Y^ is bounded and Z^dWg is a BMO{G)-martingale. 
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4.3 Existence and uniqueness Theorem for BSDE fl4.1j) 


Theorem 4.17. Let Assumptions and {Hl)-{H2) be in force. Then under {H2) 
(respectively under {H2') and Assumption\4. , BSDE (14.11) {recalled below) 


Yt=^ 


pTAT aTaT aTaT 

Zs-dWs- \ UsdHs - f{s, Ys, Zs,Us)ds, t e [0, T], 

Jt/\T JtAT JtAT 


admits a unique solution {Y,Z,U)such thatY andU are m and^^ Zs-dWs+^Q{e°‘^‘‘ — 
l)dMs is a TiMO{G)-martingale. 

Proof. We have shown the uniqueness of the solution in Lemma 14.91 The existence 
under (H2) (resp. (H2’)) of a triplet of processes {Y, Z, U) satisfying BSDE (14.11) . comes 
directly from Theorem 14.121 (resp. Theorem 14.151) together with Proposition 14.41 (resp. 
Proposition 0^. We know moreover that Y and U are in Sg* and using the Immersion 
hypothesis, as a consequence of (HI), Zg ■ dWg is a BMO(G) martingale. Recall that 
Us = (^s ~ Ys^)ls<^r, where Y^ is the first component of the solution of the Brownian 
BSDE (I4.17|) . We prove that ^ 0 ( 6 “^® — l)dMs is a BMO(G) martingale 

Under (H2). We obtain directly from the definition of (H2) and since Y^, are bounded 


eSSSUPpe7-(G)E 


r 




< + 00 . 


Under (H2’). We first consider the Brownian BSDE (14.341) that we recall 

rt' = 0- g^(s, F/ + C, Z^ + 7s) -Ds + Xsf(Ys^)ds - Z^ • dWs, 

where f{x) := -. Using Decomposition (14.181) . we obtain 


yt=o 


■\\\t,a,7s) 

1 — r 

- A,-ds- ZYdWs, 

Jt a Jt 


Ds + m\t, Y^ + Cs.Cs)Y: + V%t, + 7 „ 7 ,) • Z^Js 


which can be rewritten 

rT 


Yf = 0- 


0 - J 9 \t, C^s) -Ds + {m\t, F/ + e, C) + Z^ + 7 ,, 7 ,) • 

i 


Z^ds 


- ZYdWs, te[0,Tl 


(4.36) 


where As := As ^g e d6. Since is bounded by M > 0, following the proof of [H 
Theorem 4.4] we can easily shovl^ that 

rT 


-e^^e^E 


I 


e Y{(ps + \r]{s,Z^s+Js,7s) ■ Z^s\)ds 


^SF^^sSO, VtG[0,T], 


where ips '■= g^{t, ^f, 7 s)—Ds is non-negative and As = ^g Xudu. For the sake of simplicity, 
we set T]s ■= v{s, Z\ 7- 7s, 7s) and C a positive constant which may vary from line to line. 


^Taking f{x) = 5 = 1 in [T51 Theorem 4.4] and changing A in [T5] Relation (4.4)] by A -I- m^. 
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Since is bounded and non-positive, it holds that 

oT AT 


E 


J 

Jo 


\e — iPAjjds 


^ CE 


s£ CE 


IjAsds 


p 

■T AT 


(-f/)A.ds 



rT AT 

T . 


e^^Xsds 


s£ CE 

E 

e ^'"{ifu + \Pu • Z^\)du 

Qs 

Gp 


Jp 

Js 







rT 





- 

CE 

E 

1t^s;sp e ^'^{ifu + \Pu ■ Z^\)du e^»A 

s 

G. 


ds 

Gp 


Jo 

Js 







rT AT 






CE 

f 

A - A 

lsS=P e + \Vu • Z^\)du e^^’Xsds 

Gp 




Jo 

J S 






^ C{EP + EP), 


where 


and 


EP ■= E 


nT A T nT 

J p J S 


e '^(fiudu e^‘‘\sds 


Qp 


EP := E 


nT A T nT 

J p J S 


u - Z^\du Xgds 


Jp Js 


On the one hand, knowing that ip is bounded and using the integration by part formula, 
we obtain 


< C E 


Tat rT 


nl AT r 

J p Js 


e ^'^du e^^X.ds 


( 



- 

< C E 

lim 

e-^-du-e^" e-^'^du 

Gp 

V 

s^Tat Jp 



+ {T-p) 




where C > 0 does not depend on p. On the other hand, using the fact that 

and from the existence of a positive constant M' such that rju '■= ^(s,+ 7«,7«) ^ 

M'(l + IIZ^II), we get 


EP = CE 


rT rT aXat 

lim e~^'^\T]u ■ Z^\du - e^'’ \ e~^'^\r]u ■ Z'^\du + \ \pu ■ Z';^\du 

-^Tat j j 


where C > 0 does not depend on p. We have thus shown that under (H2’) 

rT 


esssup E 
per(G) 


I 

Jp 


3 — ll^Asds 


< + 00 . 


(4.37) 


By considering {Y^,Z^) the unique solution of BSDE (14.3411 . previously studied, and 
denoting by (F^, Z^) the unique solution of BSDE (I4.33E we know that 
So according to Inequality (I4.37E we obtain 


esssup E 
per(G) 


J’ 

J P 


|e“(«-W)_l|2A,ds 


< + 00 . 


(4.38) 
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Finally, under (H2) or (H2’), is a BMO(G)-martingale. 

To conclude the proof, we have just to check that (F, Z, U) is a solution of BSDE (14.11) in 
the sense of Definition 14.11 which is easily satisfied since Y is bounded and Zg • dWg + 
^ 0 ( 6 “^* — l)dMs is a BMO(G) martingale. □ 


5 A numerical example under (H2’) 

In this section, we solve numerically the exponential utility maximization problem (13.211 . 
We have seen in Theorem 13.41 that it can be reduced to solving BSDE (13.51) . whose 
solution is completely described, using Proposition 14.51 by the solution of BSDE (|4.33ll 
that we recall 

Yt =£.t- I"' Ys. Zl Cs - Y!)ds - ■dWs,ts [0, T], 
where we remind the reader that 

1 _ pCtu \\n ||2 

f\s,y,z,u) := g\s,y,z) + Xg -, g\s,y,z) := z ■ 0g + 

a 2a 

We will work for simplicity in the framework summed up in the following assumption. 

Assumption 5.1. 

(Cj) We choose in the decomposition (13.11) equal to 0. 

{Cf) The coefficient A : [0,T] ^ R+ is defined by Xg = for all s G [0,T]. 

Notice that 

• Under Condition {Cf), Assumption {H2') is satisfied. 

• The condition = 0 is necessary in this paper under (H2’) in view of Proposition 

H31 


5.1 An implicit scheme to solve the Brownian BSDE fl4.33p 

In this section, we compute numerically the solution of BSDE (14.331) using an implicit 
scheme, studied in [ 8 ] and [3] among others, mimicking the so-called Picard iteration 
method to solve a Lipschitz BSDE. Our aim here is not to bring a numerical analysis of 
the scheme presented below, but rather to follow the method of the proof of Theorem l4.15l 
where the Y process is obtained as a monotonic limit of solutions to Lipschitz BSDEs 
with A truncated at a level n. In particular, we do not prove any speed of convergence 
with respect to the truncation level n and leave this aspect for future research. Recall 
the approached Lipschitz BSDE 


g\a,Y^’\Z'i^'^)+X\ 


1 _ 


-ds 


a 


-r 


Z^ffi ■ dWg 


(5.1) 


with g^{s, y, z) = — \- dg ■ z and A" := As a n. 

Let (tfe)fc be a subdivision of [0,T] such that 0 = to < ti < ... < t]s[ = T, and denote by 
Afc the increment tk+i — tfe. For the sake of simplicity, we also introduce the notation 
AkW := — lUtfc- Denoting by ^ ^b,n,L'j |.j^g solution to the Lth Picard 

iteration associated to mi), the solution of BSDE ()5.1I) associated to a truncation level 
n is computed by 


r ^b,n,L _ ga 
It — 






9\tk ,+ Xt, 


l-e 




A n- 


(5.2) 
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In all this section, we assume that the increment is constant, and we set A := A^. 

Remark 5.2. Notice that the truncation does not act as soon as n ^ 1/^- >5'o, this 
numerical scheme limits us to choose n smaller than 1/A. Obviously, when A goes to 0, 
the truneation acts for bigger truncation level n. So, limiting n to be smaller than A is 
in fact an artifact of the computation coming from the previous numerical scheme. 

5.2 Numerical solution of the utility maiximization problem fl2.ip 

In this section, we solve numerically the utility maximization problem (EH) when d = 1 
for simplicity. We need to build a default time r knowing that its associated intensity 
A is given by Relation ( 12 . 2 |) . According to m, given a positive G-local martingale and 
an increasing process A such that Zt := Nte~^*- ^ 1, for t 0, we can construct a 
probability measure such that Q^{t > t) = Zt. In particular, taking N = 1, from 
[m Section 2.1], r is an exponential random variable with intensity A. Then, by setting 
(j) an exponential random variable with intensity 1 , the default time r„ associated with 
intensity A a n is given by 


T 


n 



Xs A n ds ^ 


A T. 


(5.3) 


Notice that (r"')„ is a non-decreasing bounded sequence, which converges to r defined 

by ^ 

T = inf |t > 0, J" As ds > A T. 

Proposition 5.3. Under Assumvtion \5.1\. Hypothesis {HI) holds for every r„. 

Proof. This result is a direct consequence of [141 Section 12.3.1]. □ 

We give now an explicit formula to compute Tn. According to (I5.3|l . Tn satisfies the 
following equation for (/ an exponential random variable 


f 

Jo 


1 


T-s 


A n ds = (j). 


By considering the two cases s ^ T — ^ and s ^ T — i we get 


i 

T 


= log 


r-r„ A(r-i) 


n ds 

A(T-i) 

+ n ( - r„ A ( T - 



If r„ ^ T- i, then r„ = r(l - e ‘^) and if r„ > T- i then ^ Thus, 

the simulation of Tn can be easily achieved from the simulation of the exponentially 
distributed random variable if. 

Assume that when the default time appears before the maturity T, the agent has to buy 
a put with strike K. Then, is given by 




{k - 



(5.4) 


From now on, we use the following data 

Data. T = 1, a = 0.25, A = 0.02, Sq = 0.5, cr = 1.0, p. = 1.0, K = 1.0, 9 = 1.0. 
We take three truncation level ni = 50, n 2 = 10, ua = 2 ,714 = 1 and we simulate 
M = 10® paths of the solution Z^’’^') for i G {1,2, 3,4}. Note that as A = 0.02 

any truncation level n greater than 50 is pointless by Assumption (C/). Then, we obtain 
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n 

r" 


\Yn 

50 

0.562075 

0.337748 

2.40391 

10 

0.562075 

0.337748 

1.31611 

2 

0.56628 

0.336354 

0.01315 

1 

1 

0.175639 

-0.519817 


The same path of the solutions of BSDE (15.11) for a truncation level Ui, for i G {1, 2, 3,4}, 
denoted are given in Figure [1] 




Figure 1: Solutions of BSDE (|5.ip with truncation levels ni = 50, n 2 = 10, ns = 2, n 4 = 1 
and n = 0 with Yq = —1.37. 


Given a truncation level n, we would like emphasize the dependence between the prob¬ 
ability that the default time appears after T and the value of the utility maximization 
problem (12.11) . Denote p" := P(r" > T) and notice that p" is non-increasing with respect 
to n since (r")„ is non-decreasing. According to 

n ^ g-So 


We can compute easily p" as a function of n by considering the cases T ^ ^ and T > ^. 
Then we obtain 


P 


n 


e 


-nT 


nT 


if T i 

n 

if T > i ■ 
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Besides, the case n = 0 corresponds to the classical utility maximization problem without 
default time. Moreover, we know that lim r” = r and recall that under Assumption 

n—»+a) 

(H2’), the support of t is [0,r] we obtain lim p” = 0. The value ^"(1) of the utility 

n ^+00 

maximization problem cu associated to the default time is given by 1/”(1) : = 
_g-Q;(i-Yo’ Since p” (resp. Tq”) is non-increasing (resp. non-decreasing) with respect 
to n, y"(l) is a non-increasing function of n and thus ^"'(1) = F{p^) with F : [0, 1] — > 
a non-decreasing mapping. 



Figure 2: as a function of p"", n e {0,..., 50}. 


Interpretation of Figure [2] When there is a default time, which corresponds to 
the case n ^ -too, the value of Problem [Q is obviously less than the case without 
default time (which corresponds to n = 0). We can interpret this by the fact that the 
performance of the investor when she knows that her default time appears before the 
maturity is less than her performance in the case without default time. 

We now study the influence of p" on the indifference price of the claim denoted by 
Recall that: 

Pn := inf (p ^ 0, V{x +p)^ F°(a;)} , 

where F° corresponds to the value of Problem 12.II when = 0. We denote by (p*’’", z^’") 
the unique solution to BSDE (15.111 when ^ = 0: 


b,n 

Vt 


= 0 


r 




+ Os 


^ds 


r 


^dWs. 


(5.5) 


We deduce that Pn satisfies 


V{x + Pn) = F°(x) 

.. _ g-0!(x + Pn-Yg’’') ^ _g-a(a;-yS’") 

^ -Yb,n_h,n 

^— ^0 Po • 


Proposition 5.4. is a non-negative and non-increasing function G of pn- 


Proof Denote by (y",Z") a pair of adapted processes defined by F” := F/’" — p^’", 
and Zf’” := Z}*’” - for t e [0,T] where (y^-",Z'’’”) (resp. (p^’”, z'’’”)) is the unique 
solution of BSDE (|5.1II (resp. (15.51) 1. Then, (F",Z") is the unique solution of the 
following (Lipschitz) BSDE 


yr = ^T- 


i: 


:^-Otys 




pOsZfds- ZfdW, 
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which can be rewritten, using the mean value theorem, as 


= eT- - C) + e^zys -zyWs, 

with y" a bounded adapted process between — Fjf’” and for s e [t, T]. From the 
comparison Theorem for Lipschitz BSDEs and since given by (15.41) is a non-negative 
process, we deduce that 3^” is non-decreasing in n. Thus P" := is a non-increasing 
mapping of p". Besides, by noticing that 

^■.= £ , 

we deduce that P" := 3^o > 0 for all n. □ 

We now compute P” = G{p^) in Figure O 



Figure 3: Indifference price P„ as a function of p^, n e {0, • • ■ , 50}. 

Some remarks concerning Figure 

• Pn seems to be a non-convex function of p". 

• When n = 0 {i.e. p” = 1), we get Pg = Fg^ — pg. Note that (p°, z^) is the unique 
solution of the following BSDE 



The (unique) solution is given by — t) and = 0 for t e [0, T]. 

Now, we denote by (F, F, U) the solution of the following BSDE 

.Tat .Tat .Tat 

Ft = e - Z,dWs - UsdH, - /(s, F„ Us)ds, t e [0, T]. (5.6) 

JtAT Jt AT Jt AT 

Then, from Proposition 14.51 

Ft = Ft''lt<. -f CtU^t, 

Zt = 

Pt = (ff-X')W- 
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Recall that this BSDE solves the utility maximization problem (EH) through the V and 
the Z components. We give numerically a path of this BSDE in Figure 01 obtained by 
computing t(lj) = 0.562075 with cn e D. 



Figure 4: Components V, Z of the solution of BSDE (15.6D . 

According to Theorem 15.41 an optimal strategy p* is given by p* = (Z* + — We 

compute an optimal strategy to Problem (EH in Figure [5] associated to an initial wealth 
X = \ and we compare it with the classical case without jump. 
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Figure 5: An optimal strategy associated to the exponential utility maximization problem 
(12.11) with oj such that t{u}) = 0.562075 and without default time. 


Interpretation of Figure [5] In this very particular case, when we assume that the 
default time r appears almost surely before the maturity, the investor tends to be more 
cautious by investing less in the risky asset. It is quite reasonable since she knows that 
she will pay which is a non-negative random variable at default. Note that contrary 
to what happens for small times where the trading strategies are merely mirrors of each 
other, the strategy in the default problem becomes more and more similar to the one in 
the non-default case and the former tends to coalesce with the latter. 
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